We extend to iP, X g p < °°, the L2 results of Bramble and Hilbert on convergence of discrete Fourier transforms and on approximation using smooth splines. In Section 2, we give definitions and notation and prove the estimate for the linear functional. We study, in Section 3, the difference between discrete and continuous Fourier transforms. In Section 4, we consider certain spline interpolating functions on uniform meshes in RN. In Section 5, we mention improvements in the U estimates for 1 < p < oo.
1. Introduction. The purpose of this paper is to extend to If, 1 ^ p ^ oo, the L2 results of [1] on convergence of discrete Fourier transforms and on spline interpolation. An estimate for a linear functional on the Sobolev space H^{RN) is fundamental to the work. Multipliers for Fourier transforms provide the general setting for the If estimates.
In Section 2, we give definitions and notation and prove the estimate for the linear functional. We study, in Section 3, the difference between discrete and continuous Fourier transforms. In Section 4, we consider certain spline interpolating functions on uniform meshes in RN. In Section 5, we mention improvements in the U estimates for 1 < p < oo.
Silliman [5] has obtained the Corollary to Theorem 11 in Section 4 forp = 1, N = \, ß = 0, and the spline interpolant Su of order 2m. We wish to thank Professor M. A. Jodeit for a useful suggestion, and the referee for an interesting comment.
2. Preliminaries. Let ß be a cube in RN. For 1 5= p < oo, if(i2) denotes the space of functions u defined on Í2 for which ll"IU = { )Ju{x)\Pdx> is finite. U is the usual space of functions on all of RN. C(S2) denotes the space of continuous functions u on Q, and l|w|U,a = sup|«(x)|. For r a polynomial, we consider Fm{x,r) to be a tempered distribution.
Lemma 2. For r G /V-i, F,(x,r) = 0. We shall prove (3.1) first for /c = 0. Obviously,
In order to handle the second term on the right in (3.3), we shall use the following identity, which is easily established:
where the sum is over all choices of disjoint sets / and K such that J U K = {1,... ,7V) and K ^ 0. Using the definition of tj and (3.4), we have is said to be a spline of degree k. Regarded as a function of x, a spline of degree k is piecewise a polynomial of degree k and is C*_1. Now, let u be a function on A. We say that s{x) is a spline interpolant of order k for u provided there exists a function v on A such that í(jc) = h" 2 ***(* --VX-V) and i(x) = u{x) for all x G A.
Let lp denote the space /P(A) with the usual discrete norm for 1 â p ^ oo. We shall establish the following inversion property.
Theorem 7. Let 1 á p ^ m, u 6 /', an¿/ /eí k be a positive integer. Then there exists a unique v G lp such that Su{x) = h" 2 ***(* -jM^) is a spline interpolant of order k for u.
We shall prove the next lemma and then use it to prove the theorem. Taking the inverse transform, we obtain (4.1). Now we prove the following error estimate. It is possible to show, using Hörmander's multiplier theorem [4] , that for 1 < p < oo there exists a positive constant C,,m such that, for all u G Hp, 
